Published by Institute of Physics Publishing for SISSA Received: April 11, 2005 Revised: May 13, 2005 Accepted: June 28, 2005 Published: July 25, 2005

Knotted self-dual strings coupled with Kalb-Ramond field

Tieyan Si

Institute of Theoretical Physics, The Chinese Academy of Sciences Beijing 100080, China E-mail: city02@st.lzu.edu.cn

Abstract: It is shown that knotted topological strings appear at the symmetric phase of Higgs field in the context of generalized Yang-Mills Chern-Simons Higgs model. The equation of motion of the knotted strings coupled with the Kalb-Ramond field is obtained. Based on the equation of motion, we found that there is a topological constrain on the coupling term between Maxwell field and the covariant derivative of Kalb-Ramond field, the topological number of this coupling is the topological number of the abelian Chern- Simons action on the knotted topological strings.

Keywords: Topological Field Theories, Chern-Simons Theories, Topological Strings.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep072005060 /jhep072005060 .pdf

Contents

1. Introduction 1

2. The knotted topological string in the symmetric phase of Higgs field 2

3. Knotted string coupled with Kalb-Ramond field 6

4. Conclusion 9

1. Introduction

Knots and strings play an important role in a variety of physical systems, such as the structure of elementary particles [1], the closed relativistic string in early universe cosmology [2], the knotted soliton in triplet superconductors [3], and so on. In a realistic (3+1)-dimensional model, there exist knotlike string structures appearing as stable finite solitons [4]. Topological strings in Chern-Simons theory has attracted increasing attentions [5] of physicists. Usually strings appear as solutions in the symmetry broken phase in four dimensional field theory with abelian symmetry. The most popular field-theoretical system used to model cosmic string generation is the abelian Higgs model [6]. In path integral formalism, Kim and Lee derived the dual formation of vortices in Chern-Simons Higgs system, extending this idea, Lee have developed the dual formation theory of cosmic strings [7]. The Higgs mechanism for Kalb-Ramond field provides a fundamental understanding to strings [8]. In four dimensions, the massless Kalb-Ramond field is dual to a spinless field ϕ which can be interpreted as an axion. On the other hand, a massive vector field in four dimensions is dual to a massive vector field. When the Kalb-Ramond field couples to the world sheet of string, the string condensation may realize the Higgs mechanism to the Kalb-Ramond gauge field [9]. Motivated by these works, we developed the topological theory of the formation of strings in Maxwell Higgs model in this paper, it is shown that the topological strings arise from the symmetric phase of Higgs field, while the non-topological strings arise from the asymmetric phase. For the topological knotted string, there is a topological constrain on the coupling term between the Maxwell field and the covariant derivative of the Kalb-Ramond field.

The paper is organized as follows: In section 2, By decomposing the Bogomol’nyi selfdual equations in 2+1 dimensional space time, we obtain the complete self-dual equation which includes a topological term which is not previously addressed in the literature. Then we generalize the self-dual condition into 3+1 dimensional space, and obtain the topological current of knotted strings. In section 3, the equation of motion of the knotted topological string coupled to Kalb-Ramond field is presented, based on it, we found the topological number of the coupling between the Maxwell field and the covariant derivative of Kalb- Ramond field. In the last section, we presented a brief summary and outlook.

– 1 –

2. The knotted topological string in the symmetric phase of Higgs field

The novel features of topological strings and non-topological strings can be understood better by the abelian Chern-Simons Higgs model in 2+1-dimensions [10, 11]

L_{CSH} = 1 4 κϵ^{μνλ} A_μ F_{νλ} + ||D_μ ϕ||^2 + 1 κ^2

||ϕ||^2(||ϕ||^2 − v^2)^2 , (2.1)

where ϕ is the designated charged Higgs complex scalar field minimally coupled to an abelian gauge field, and the covariant derivative is defined as D_μ = ∂_μ + ieA_μ . The firstorder Bogomol’nyi self-dual equations [16] in this model is

D_± ϕ = 0 (2.2) and B = ± 2 κ^2

||ϕ||^2(||ϕ||^2 − ν^2) , (2.3)

here the operator D_± ≡ (D_1 ± iD_2). The complex scalar field ϕ can be regarded as the complex representation of a two-dimensional vector field ⃗ϕ = (ϕ^1, ϕ^2) over the base space time, i.e. ϕ = ϕ^1 + iϕ^2, where ϕ^a(a = 1, 2) are real functions. Substituting ϕ = ϕ^1 + iϕ^2 into the first case of the Bogomol’nyi self-dual equation D_+ϕ = 0 and splitting the real part from the imaginary part, we obtain two equations

∂_1ϕ^1 − ∂_2ϕ^2 = eA_1ϕ^2 + eA_2ϕ^1 ∂_1ϕ^2 + ∂_2ϕ^1 = eA_2ϕ^2 − eA_1ϕ^1 . (2.4)

Substituting the equations above into ∂_1ϕ^∗ϕ − ∂_1ϕϕ^∗, it yields

∂_1ϕ^∗ϕ − ∂_1ϕϕ^∗ = 2ieA_1||ϕ||^2 + i(∂_2ϕ^∗ϕ + ∂_2ϕϕ^∗) . (2.5)

After we defined the unit vector as

n^a = ϕ^a ||ϕ||

, ||ϕ|| = (ϕϕ^∗)^{12} , (2.6)

using the formula 1 2i 1 ϕ^∗ϕ

(∂_iϕ^∗ϕ − ∂_iϕϕ^∗) = ϵ^{ab}n^a∂_in^b , (2.7)

we can rewrite eq. (2.5) as

eA_1 = ϵ^{ab}n^a∂_1n^b − 1 2 ∂_2 ln(ϕϕ^∗) . (2.8)

When considering ∂_2ϕ^∗ϕ − ∂_2ϕϕ^∗ and eq. (2.4), following the same processes above, we have eA_2 = ϵ_{ab}n^a∂_2n^b + 1 2 ∂_1 ln(ϕϕ^∗) . (2.9)

Eq. (2.8) and eq. (2.9) can be unified into one equation

eA_μ = ϵ_{ab}n^a∂_μ n^b − ϵ^{μν} 1 2 ∂_ν ln(ϕϕ^∗) . (2.10)

– 2 –

Now let’s turn to the second case of eq. (2.2), i.e., D_− ϕ = 0, repeating the same discussions above, we arrive eA_μ = ϵ_{ab}n^a∂_μ n^b + ϵ^{μν} 1 2 ∂_ν ln(ϕϕ^∗) . (2.11)

So the gauge potential obtained from the Bogomol’nyi self-dual equation D_± ϕ = 0 can be written as eA_μ = ϵ_{ab}n^a∂_μ n^b ± ϵ^{μν} 1 2 ∂_ν ln(ϕϕ^∗) . (2.12)

In (2+1) dimensions, the magnetic field is given by B = ϵ^{ij} ∂_iA_j , according to eq. (2.12), we have B = ϵ^{μν} ϵ_{ab}∂_μ n^a∂_ν n^b ± ∇^2 ln(||ϕ||^2) .

For convenience, we denote B_t = ϵ^{μν} ϵ_{ab}∂_μ n^a∂_ν n^b and B_{nt} = ±∇^2 ln(||ϕ||^2). According to Duan’s ϕ-mapping topological current theory [15], using ∂_μ^{ϕ a}_{‖ϕ‖} =^{∂μ ϕ a}_{‖ϕ‖} + ϕ^a∂_μ^1_{‖ϕ‖} and the Green function relation in order parameter space: ∂_a∂_a(ln ‖ ϕ ‖) = 2πδ^2(⃗ϕ), (∂_a =^∂_{∂ϕ a} ), we arrive B_t = ϵ^{μν} ϵ_{ab}∂_μ n^a∂_ν n^b = 2πδ^2(⃗ϕ)J � ϕ x � (2.13)

where J(ϕ/x) =^1_2 ϵ^{λρ} ϵ_{ab}∂_λ ϕ^a∂_ρϕ^b is the jacobian. This term describes the topological string excitation in Higgs field. So the Bogomol’nyi self-dual equation (2.3) can be rewritten as

B = 2πδ^2(⃗ϕ)J( ϕ x ) ± ∇^2 ln(ρ) = ± 2 κ^2 ρ(ρ − v^2) , (2.14)

where ρ = ||ϕ||^2 is the scalar field density. When the Higgs field has no zero points, eq. (2.14) reduces to B = ±∇^2 ln(ρ) . (2.15)

This is the conventional self-dual equation [16]. It governs the non-topological string solutions. No exact solutions are known for this equation. In a special case, a vertex-like solution in three-dimensional space is given by A. Jaffe [17].

The self-dual potential^1_{κ 2} ρ(ρ − v^2)^2 reveals the existence of two degenerate vacua: ϕ = 0 and ||ϕ|| = v. Correspondingly there are domain wall solutions that interpolate between the two vacua [12]. In the Higgs vacuum, the Chern-Simons Higgs mechanism leads to a massive gauge field m_g and a massive real scalar field of mass m_s. The Chern- Simons Higgs model displays very different behavior depending on the relative magnitude of these two mass scales. Numerically, it has been shown that two strings repel if m_s > m_g, but attract m_s < m_g. when the masses are equal m_s = m_g, the forces between strings vanish and it is possible to find stable static multi-strings configurations.

While with the particular form of the self-dual potential^1_{κ 2} ρ(ρ − v^2)^2, we have m_s = 2v^2/κ = m_g. So we can solve eq. (2.14) to obtain the multi-strings solutions. When system is in the symmetric phase ϕ = 0, by solving equations {ϕ^1(x^1, x^2, t) = 0, ϕ^2(x^1, x^2, t) = 0}, we can derive the topological solutions. In this case, B_{nt} = ±∇^2 ln(||ϕ||^2) is singular, but this singularities can be cancelled by B_t = 2πδ^2(⃗ϕ)J(^ϕ_x ), so the complete magnetic field will remain nonsingular. When the system is in the asymmetric phase ϕ ≠ 0, the topological part of the magnetic field B_t = 2πδ^2(⃗ϕ)J(^ϕ_x ) vanishes, from the conventional self-dual

– 3 – equation, the non-topological solution is derived by neglecting the zeroes of ϕ [13]. But from eq. (2.14), we see, the solutions of the conventional self-dual equation has missed the information on the topological strings in the symmetric phase. So we mainly focus on the topological structure of the strings at the symmetric phase ϕ = 0 in this paper.

The topological string can be viewed as a kind of topological defects. According to the Kibble mechanism for the formation of topological defects in the abelian Higgs model [14], when the vacuum bubbles collide, topological strings are formed during this phase transition. In a first-order phase transition, ϕ = 0 remains a metastable fixed point below T = T_c, it transforms into a state with ‖ϕ‖ = v(which represents a spherical configuration of vacuum,i.e., vacuum bubble) by bubble nucleation. As we know, instantons can tunnel through different vacua which are labelled by different symmetry. In the Chern- Simons Higgs model, the self-dual string plays a similar role as instantons. As mentioned above, there are domain wall solutions that interpolate between the two vacua [12], so the strings is separated into two classes by the domain wall. When the topological string tunnel through the domain wall and step into the asymmetric phase, it becomes the nontopological string. If the non-topological string step into the symmetric phase, it becomes the topological string, this process can be viewed as that the topological string is created through the Kibble mechanism. So the transition between the two classes of strings can be labelled by the phase transition from the symmetric phase to asymmetric phase and the inverse phase transition process. The Kibble mechanism provides us an insight into the generation of the topological string, there must be some other mechanisms to explain the annihilation of strings during the phase transition, this will be an open question which needs to be further studied.

The discussions above is based on the Chern-Simons Higgs model in 2+1 dimensions, we have chosen a cross section of the strings bundle for convenience, the motion of the strings is described by the points on the cross section of the world sheets of strings bundle. The topology of string itself has not been taken into account. There are many interesting properties originates from the topology of string itself. Especially for the closed knotted strings which differs from the open strings by linking numbers and self-linking numbers.

In order to study the topology of knotted strings itself, we introduce the generalized self-dual Chern-Simons model in (3+1)-dimensional space-time, which includes a Maxwell term for the gauge field, but this requires an additional neutral scalar field N [18]

L_M = −1 4e^2

F_{μν} F^{μν} + κ 2 ϵ^{ijk}A_iF_{jk} + |D_μ ϕ|^2 +

(∂_μ N )^2 2e^2

− V (|ϕ|, N ) . (2.16)

In the Yang-Mills Chern-Simons Higgs theory [11], the simplest self-dual gauge potential [19] which satisfies the gauge self-dual equation F_{μν} =^∗F_{μν} is of the form A = f(r)ndn^†. When f(r) = 1, this gauge potential can be obtained from the gauge condition D_μ ϕ = 0, (μ = 0, 1, 2, 3) [20]. This gauge condition could be viewed as the generalization of the self-dual equation D_± ϕ ≡ (D_1 ± iD_2)ϕ = 0 into 3+1 dimensional space time, in which the dual operator of D_± ≡ (D_μ ± iD_ν ) would be defined as^∗D_± ≡ ϵ^{μνλρ} (D_λ ∓ iD_ρ), here λρ does not obey Einstein summation rule. From the two operators D_± , we have D_μ ϕ =^1_2 (D_+ + D_− )ϕ = 0; D_ν ϕ =^1_{2i} (D_+ − D_− )ϕ = 0, it is in consistent with D_μ ϕ = 0.

– 4 –

Since B^i = ϵ^{ijk}F_{jk}, we can treat F^{μν} as the generalization of the magnetic field B. Applying the same decomposition method with D_± ϕ ≡ (D_μ ± iD_ν )ϕ = 0 (μ, ν = 0, 1, 2, 3), we can also obtain the complete self-dual equation F = 2πδ^2(⃗ϕ)J(^ϕ_x ) ± ∇^2ln(ρ). But if we choose the gauge condition D_μ ϕ = 0, it is easy to verify that A_μ = ϵ_{ab}n^a∂_μ n^b, substitute it into the U(1) gauge field tensor F_{μν} = ∂_μ A_ν − ∂_ν A_μ , it yields F = 2πδ^2(⃗ϕ)J(^ϕ_x ). Now we see the non-topological part ±∇^2ln(ρ) is eliminated.

Therefore the filter gauge condition D_μ ϕ = 0 in 3+1 dimensional space could be viewed as the generalized self-dual condition D_± ϕ = 0 in 2+1 dimensional space time, and it has filtered out the non-topological part. In this paper, we mainly focus on the topological part F = 2πδ^2(⃗ϕ)J(^ϕ_x ), since it is not previously addressed in the literature.

In the dual formulation, a global string appears as the source of an antisymmetric tensor field, which represents the Goldstone boson [7]. In the Yang-Mills Chern-Simons Higgs model, the topological strings arise from the gauge field tensor

F_{μν} = 2ϵ_{ab}∂_μ n^a∂_ν n^b (2.17)

which describes the non-trivial distribution of ⃗n at large distances in space [21]. We define the topological current of strings as

j^{μν} = 1 8π ϵ^{μνλρ} F_{λρ} . (2.18)

It can be proved to be j^{μν} = δ^2(⃗ϕ)J^{μν} � ϕ x � , (2.19)

where J^{μν} (ϕ/x) =^1_2 ϵ^{μνλρ} ϵ_{ab}∂_λ ϕ^a∂_ρϕ^b is the jacobian vector. The spatial component of the current j^{μν} is j^{0i} = j^i = 1 8π ϵ^{ijk}F_{jk}. (2.20)

This expression provides an important conclusion: j^i = 0, iff ⃗ϕ ≠ 0; j^i ≠ 0, iff ⃗ϕ = 0. So the topological string are situated at the symmetric phase of the Higgs field ϕ = 0. To determine the non-zero solutions of the topological current j^i, we need to solve the equations ϕ^1 = 0, ϕ^2 = 0. The implicit function theory shows [22] that under the regular condition D^i(ϕ/x) ≠ 0, the general solutions of

ϕ^1(t, x^1, x^2, x^3) = 0, ϕ^2(t, x^1, x^2, x^3) = 0 (2.21)

can be expressed as x^1 = x^1_k(s, t), x^2 = x^2_k(s, t), x^3 = x^3_k(s, t) (2.22)

which represent the world sheets of N moving isolated singular strings L_k with string parameter s (k = 1, . . . , N). These singular string solutions can be viewed as the cosmic strings, they also arise as the Mermin-Ho vortex lines in BEC [23]. In the spatial 3- dimensions, it can be proved that [24, 15]

j^i = δ^2(⃗ϕ)J^i( ϕ x ) = N� k=1 W_k � L_k

dx^i ds δ^3(⃗x − ⃗x_k(s))ds , (2.23)

– 5 – where W_k = β_kη_k is the winding number of ⃗ϕ around L_k, with the positive integer β_k being the Hopf index and η_k = ±1 the Brouwer degree of ϕ-mapping. Then from eq. (2.23) one obtains the topological charge of string L_k: Q_k = � Σ_k j

idσ_i = W_k .

The strings in the configuration space can be closed, open or half-open. If there exist magnetic monopoles in space time, the open strings is attached by monopoles and anti-monopoles at both ends, the half-open string is attached by a monopoles at one side. We shall study a family of closed knotted strings γ_k (k = 1, . . . , N). Using the ϕ−mapping topological current theory, it can be proved that the the Chern-Simons action S_{CS} =^1_{8π} � M ϵ^{ijk}A_iF_{jk} is a topological invariant on these knotted singular strings, and the topological number is given by [25]

Q = 2π � � N� k=1 W^2_k SL(γ_k) + N� k,l=1 (k≠l)

W_kW_lLk(γ_k, γ_l) � � , (2.24)

where SL(γ_k) is the self-linking number of γ_k following the White formula SL(γ_k) = W r(γ_k) + T w(γ_k). Lk(γ_k, γ_l) is the Gauss linking number between knotted strings γ_k and γ_l (k ≠ l). This topological number Q is also equal to Faddeev-Niemi number [1]. It will be shown in the following that this topological number presents a constrain on the Kalb-Ramond field in the equation of motion.

3. Knotted string coupled with Kalb-Ramond field

When a point-like fermion field interact with Maxwell and Kalb-Ramond fields, the vacuum polarization to fermions will induce the coupling between Maxwell and Kalb-Ramond fields [26], in this case, the simplest lagrangian which is invariant under U(1) gauge transformation is

L_{fermi} = − 1 4 F_{μν} F^{μν} − 1 12 H_{μνλ} H^{μνλ} + ψ^† � D − g 12m σ_{μνλ} H^{μνλ} − m � ψ . (3.1)

As seen in the complete self-dual equation (2.14), the topological vortex in 2+1-dimensional space time is generated from the symmetric phase of the bosonic Higgs field. So according to eq. (2.18), the knotted topological string also arise from the symmetric phase of the Higgs field in four dimensional space. In analogy with lagrangian of K-R field coupled with Maxwell field in the context of fermion field, we generalize Nielsen’s lagrangian of strings [27] and arrive the bosonic lagrangian

L_{K−R} = √ g � − μ � (j, j) + ξ(j, B) − 1 2 (H, H) � , (3.2)

in which the topological current j =^∗F is given by the dual field of the 2-form Maxwell field F =^1_{2π} ϵ_{ab}dn^a ∧ dn^b, i.e.,

j =^∗F = 1 2 ϵ_{ab}ϵ^{μν}_{λρ} ∂_μ n^a∂_ν n^bdx^λ ∧ dx^ρ (3.3)

– 6 – with the Hodge star operator ∗. The second term of right hand side of the lagrangian (3.2) is the coupling action between the Maxwell field and 2-form Kalb-Ramond field B. In the local coordinates the Kalb-Ramond field B is expressed as B =^1_2 B_{μν} dx^μ ∧ dx^ν . H is 3-form field H = dB =^1_{3!} B_{μνλ} dx^μ ∧ dx^ν ∧ dx^λ with its components as H_{μνλ} = ∂_μ B_{νλ} + ∂_ν B_{λμ} + ∂_λ B_{μν} = 3∂_{[μ} B_{νλ]} = 3∇_{[μ} B_{νλ]} .

From eq. (2.18) and eq. (2.19), it is easy to see that the current j of topological strings can be written as j = δ(ϕ)J, in which J =^1_2 J_{μν} (^ϕ_x )dx^μ ∧ dx^ν with the coefficient J_{λρ} denoted as J_{μν} =^1_2 ϵ_{ab}ϵ^{λρ}_{μν} ∂_λ ϕ^a∂_ρϕ^b. So the interaction term between the knotted topological strings of the lagrangian is expressed as

L_{string} = −μ � (j, j) = −μδ(ϕ) � (J, J) . (3.4)

In the De Rham current theory [28], the inner product of the two currents here is defined as (J, J) =^1_2 J_{λρ} J^{λρ} .

For convenience, we split the lagrangian (3.2) into two parts L_{K−R} = L_1 + L_2 with L_1 = − √ g[μ � (j, j) + ξ(j, B)] and L_2 = − √ g[^1_2 (H, H)]. From eq. (3.4), one sees that the topological strings arise from the symmetric phase of the Higgs field, their location is given by the solutions of the equation ϕ^a(x^μ ) = 0, (μ = 0, 1, 2, 3; a = 1, 2). As the system evolves from the symmetric phase into the asymmetric phase, the L_1 lagrangian term disappeared for the non-topological strings. So this lagrangian L_1 reflects the phase transition of the system, we can study the two phases from the equation of motion which arise from this term.

In quantum field theory, the equation of motion is obtained from the variational derivative of the action. Firstly, we need to calculate the energy momentum tensor which is given by T^{μν} = −2(∂( √ −gL))/( √ g∂g_{μν} ), it can be correspondingly split into two parts T^{μν} = T^{μν}_{(1)} + T^{μν}_{(2)} , where T^{μν}_{(1)} is

T^{μν}_{(1)} = −μδ(ϕ)|J_0|g^{IJ}

∂x^μ ∂u^I

∂x^ν ∂u^J

− 2ξδ(ϕ)J_0

∂x^μ ∂u^I

∂x^ν ∂u^I

(3.5)

in which J_0 is the jacobian and g^{IJ} is the metric on the world sheets of strings with two string parameter u^1 = s and u^2 = t, which correspond respectively to the string parameter and the time parameter. From eq. (3.5) and the conserved energy-momentum tensor

∇_μ T^{μν}_{(1)} = 0 , ∇_μ T^{μν}_{(2)} = 0 , (3.6)

we arrive the dynamic equation of motion 1 √ −g_N

∂_I ( √ −g_N g^{IJ}_N ∂_J x^λ ) + Γ^λ_{μν} g^{IJ}_N ∂_I x^μ ∂_J x^ν = η ξ μ ∂x^μ ∂u^l

∂x^ν ∂u^l

H^λ_{μ ν} . (3.7)

This equation plays a similar role as the geodesic equation in curved space time. Taking the variational derivatives of the action with respect to B, it yields ∇_λ H^{λμν} = ξj^{μν} , i.e., 1 √ −g ∂_λ ( √ −gH^{λμν} ) = ξj^{μν} , (3.8)

– 7 – it can be expressed in a more elegant form: δH = ξj, this is the dynamic equation of strings coupled with the Kalb-Ramond field. In fact, the current j^{μν} appears as the radiation sources of the the Kalb-Ramond field. This can be seen more clearly from the De Rahm current form of the equation of motion. When choosing the Lorentz gauge ∇_μ B^{μν} = 0, i.e., 1√ −g ∂_μ ( √ −gB^{μν} ) = 0, we can rewrite equation δdB = ξj as (δd + dδ)B = ξj, here we have used δB = 0 which is the equivalent expression of the Lorentz gauge in the language of De Rahm current. Recall the Laplace operator △ = δd + dδ, we can reduce eq. (3.8) into a more elegant form in terms of the language of De Rahm current: △B = ξj. This equation is of the same form as the generalized Maxwell equation in the electrodynamics, one can easily see that the global cosmic string does acts as the sources radiating the 3-form field H. It means when the string is coupled with background field, the global cosmic string will radiate Goldstone Bosons.

Further more, the topological number of the knotted strings plays an important role in the equation of motion. As mentioned above, the Chern-Simons action is a topological invariant on these knotted topological strings arise from the symmetric phase of Higgs field. In fact, the Chern-Simons action S_{CS} =^1_{8π} � M ϵ^{ijk}A_iF_{jk} can be expressed by the spatial component of the current j^{μν} of strings as S_{CS} = � M A_ij^i, where j^i = j^{0i} =^1_{8π} ϵ^{ijk}F_{jk}. This current j^i is governed by the equation of motion (3.8). Substituting the spatial equation of eq. (3.8) into the Chern-Simons action, we arrive � M 1 ξ √ −g A_i∂_λ ( √ −gH^{λ0i} )d^3x = Q , (3.9)

where Q is given by eq. (2.24), it is consist of the self-linking numbers of the knotted string itself and linking numbers between knotted strings, they both are topological invariant characteristic numbers of knotted configurations in geometry. This topological number is conserved during the generation, annihilation and bifurcation of knotted strings. So there is a topological constrain on the Kalb-Ramond field during the evolution of knotted strings.

In fact, the topological number Q also connote the information of the asymmetric phase of the Higgs field. In quantum field theory, the global symmetry spontaneous breaking gives birth to the Goldstone Bosons [29] which was imbedded in the scalar field ϕ. When a knotted cosmic string peers through the area Σ in space time on which the Higgs field ϕ ≠ 0, it satisfies the dual equation ∂_μ ϕ =^1_6 ϵ_{μνλρ} H^{νλσ} . The integral can be carried out along with the boundary of ∂Σ = C with C as a 1-chain, it yields � C ∂_μ ϕdx^μ = � C ∗H = � Σ d ∗ H , (3.10)

From eq. (2.23) and eq. (3.8), we have d ∗ H = ξdω, then � C ∂_μ ϕdx^μ = ξ � Σ dω = W ξ , (3.11)

where W is the winding number around the string and ξ is the unit quantization. This is just the quantization condition of string, it is similar to the quantized vortices in superfluid. Noticing here the integral is carried out in the asymmetric phase of the Higgs field, so the quantized number of the symmetric phase carries the information of asymmetric phase.

– 8 –

4. Conclusion

When decomposing the Bogomol’nyi self-dual equation 2+1 dimensional space time, we arrive the complete Bogomol’nyi self-dual equation, it includes a topological term and a non-topological term, in which the topological terms is not previously addressed in the literature. Based on the complete self-dual equation, it is shown that the topological strings arise from the symmetric phase of Higgs field, non-topological string arise from the asymmetric phase, so the phase transition between the symmetric phase and the asymmetric phase can be distinguished by the magnetic field. In analogy with the case in 2+1 dimensional space time, we obtained the generalized filter self-dual equation D_μ ϕ = 0 in 3+1 dimensional space time, and find a topological current of knotted self-dual string. It is shown that the topological string appear at the symmetric phase of the Higgs field ϕ = 0. This provides us with a deep insight into the Higgs mechanism in Kalb-Ramond field. More over, we shown that a family of knotted strings are attached by a topological invariant: the abelian Chern-Simons action. When taking into account of the coupling between the knotted string and the Kalb-Ramond field, we got the dynamic equation of motion of these knotted strings, and found that these strings act as the sources radiating Kalb-Ramond field. Further more, the coupling between the Maxwell field and the covariant derivative of the Kalb-Ramond field is governed by a topological number: the Faddeev-Niem number, it is also the topological number of the abelian Chern-Simons action.

Acknowledgments

This work was supported by the National Natural Science Foundation and the Doctor Education Fund of Educational Department of the People’s Republic of China.

References

[1] L.D. Faddeev and A.J. Niemi, Partially dual variables in SU(2) Yang-Mills theory, Phys.

Rev. Lett. 82 (1999) 1624 [hep-th/9807069]; Electric-magnetic duality in infrared SU(2) Yang-Mills theory, Phys. Lett. B 525 (2002) 195 [hep-th/0101078].

[2] R. Dilao and R. Schiappa, Stable knotted strings, Phys. Lett. B 404 (1997) 57 [hep-th/9704084]; The dynamics of knotted strings attached to D-branes, Phys. Lett. B 427 (1998) 26 [hep-th/9801055].

[3] E. Babaev, Knotted solitons in triplet superconductors, Phys. Rev. Lett. 88 (2002) 177002 [cond-mat/0106360].

[4] L. Faddeev and A.J. Niemi, Knots and particles, Nature 387 (1997) 58. [5] M. Mariño, Chern-Simons theory and topological strings, hep-th/0406005. [6] Y. Verbin, S. Madsen and A.L. Larsen, Self-dual cosmic strings and gravitating vortices in gauged sigma models, Phys. Rev. D 67 (2003) 085019 [gr-qc/0302010].

[7] Y. Kim and K.-M. Lee, Vortex dynamics in selfdual Chern-Simons Higgs systems, Phys. Rev.

D 49 (1994) 2041 [hep-th/9211035];

K.-M. Lee, The dual formulation of cosmic strings and vortices, Phys. Rev. D 48 (1993) 2493 [hep-th/9301102].

– 9 –

[8] M. Kalb and P. Ramond, Classical direct interstring action, Phys. Rev. D 9 (1974) 2273. [9] S.-J. Rey, The Higgs mechanism for Kalb-Ramond gauge field, Phys. Rev. D 40 (1989) 3396. [10] R. Jackiw and E.J. Weinberg, Selfdual Chern-Simons vortices, Phys. Rev. Lett. 64 (1990) 2234.

[11] H.-c. Kao, The non-abelian Chern-Simons coefficient in the Higgs phase, Phys. Rev. D 57 (1998) 7416 [hep-th/9710221].

[12] R. Jackiw, K.-M. Lee and E.J. Weinberg, Selfdual Chern-Simons solitons, Phys. Rev. D 42 (1990) 3488.

[13] C.R. Hagen, Comment on ’soliton solutions to the gauged nonlinear Schrödinger equation on the plane’, Phys. Rev. Lett. 66 (1991) 2681.

[14] M. Hindmarsh, A.-C. Davis and R.H. Brandenberger, Formation of topological defects in first order phase transitions, Phys. Rev. D 49 (1994) 1944 [hep-ph/9307203].

[15] Y.S. Duan, The structure of the topological current, SLAC-PUB-3301, 1984;

Y.S. Duan, L.B. Fu and G. Jia, Topological tensor current of dual — p-branes in the ϕ mapping theory, J. Math. Phys. 41 (2000) 4379.

[16] E.B. Bogomolny, Stability of classical solutions, Sov. J. Nucl. Phys. 24 (1976) 449. [17] A. Jaffe and C. Taubes, Vortices and Monopoles, Birkhäuser, Berlin 1980. [18] C.-k. Lee, K.-M. Lee and H. Min, Selfdual Maxwell Chern-Simons solitons, Phys. Lett. B 252 (1990) 79.

[19] S. Nash and S. Sen, Topology and geometry for physicists, Academic Press, London 1983. [20] Y.S. Duan and L.B. Fu, J. Math. Phys. 39 (1998) 4344.

[21] G. ’t Hooft, Magnetic monopoles in unified gauge theories, Nucl. Phys. B 79 (1974) 276;

A. Polyakov, Particle spectrum in the quantum field theory, JETP Lett. 20 (1974) 194. [22] E. Goursat,A course in mathethematical analysis, Dover, New York 1904. [23] N.D. Mermin and T.-L. Ho, Phys. Rev. Lett. 36 (1976) 594;

T.-L. Ho, Phys. Rev. Lett. 49 (1982) 1837; T.-L. Ho, Phys. Rev. Lett. 81 (1998) 742.

[24] J.A. Schouton, Tersor analysis for physicists Clarendon, Oxford 1951. [25] C.V. Johnson, Non-perturbative string equations for type 0A, JHEP 03 (2004) 041 [hep-th/0311129].

[26] N.D. Hari Dass and K.V. Shajesh, Vacuum polarization induced coupling between Maxwell and Kalb-Ramond fields, Phys. Rev. D 65 (2002) 085010 [hep-th/0107006].

[27] H.B. Nielsen and P. Olesen, Local field theory of the dual string, Nucl. Phys. B 57 (1973) 367; Vortex-line models for dual strings, Nucl. Phys. B 61 (1973) 45.

[28] G.de. Rham, Differentiable manifolds, (forms, current, harmonic forms), Springer-Verlag, Berlin 1984.

[29] A. Vilenkin and T. Vachaspati, Radiation of Goldstone bosons from cosmic strings, Phys.

Rev. D 35 (1987) 1138.

– 10 –